
 
Physics 143b: Honors Waves, Optics, and Thermo 

Spring Quarter 2020 
Problem Set #3 

Due: 11:59 pm, Thursday, April 30. Please submit to Canvas.  
 
 

1. MATH: Wave equation (12 points each)  
(a) Solve the following modified wave equation  

 
𝜌𝜌𝜕𝜕𝑡𝑡2𝜓𝜓(𝑥𝑥, 𝑡𝑡) + 𝑏𝑏𝜕𝜕𝑡𝑡𝜓𝜓(𝑥𝑥, 𝑡𝑡) = 𝐸𝐸𝜕𝜕𝑥𝑥2𝜓𝜓(𝑥𝑥, 𝑡𝑡) 

 
with boundary conditions 
  

𝜓𝜓(0, 𝑡𝑡) = 𝜓𝜓(𝐿𝐿, 𝑡𝑡) = 0 
        and initial condition 
 

𝜓𝜓(𝑥𝑥, 0) = 𝑓𝑓(𝑥𝑥), 𝜕𝜕𝑡𝑡𝜓𝜓(𝑥𝑥, 0) = 𝑔𝑔(𝑥𝑥) 
 

(Hint: determine the general solution to this system by separation of variables. Show that 

the eigenfrequencies are given by 𝜔𝜔𝑛𝑛 = �𝐸𝐸
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, where n=1,2,3…. Note that when 

b=0, the system describes undamped waves.) 
 

(b) Refine the operator 𝐷𝐷�+ = 𝜕𝜕𝑡𝑡 + 𝑣𝑣𝜕𝜕𝑥𝑥 and its partner 𝐷𝐷�− = 𝜕𝜕𝑡𝑡 − 𝑣𝑣𝜕𝜕𝑥𝑥, you can see that the 
wave equation reduces to 
 

𝜕𝜕𝑡𝑡2𝜓𝜓 − 𝑣𝑣2𝜕𝜕𝑥𝑥2𝜓𝜓 = (𝜕𝜕𝑡𝑡2 − 𝑣𝑣2𝜕𝜕𝑥𝑥)𝜓𝜓 = 𝐷𝐷�+𝐷𝐷�−𝜓𝜓 = 0 
 
Determine the general solutions of 𝐷𝐷�+𝜓𝜓 = 0 and 𝐷𝐷�−𝜓𝜓 = 0 and show that they also support 
moving waveforms! Can you find reasons why they are not considered as the wave 
equations?   
 

(c) Computer the Fourier series for a periodic square wave of height 1.0 and period T. Sketch 
the frequency spectrum. 

 
(d) Determine the special solution of the following differential equations from with the square 

wave driving force in (3). 
𝑥𝑥′′(𝑡𝑡) + 2𝑥𝑥′(𝑡𝑡) + 2𝑥𝑥(𝑡𝑡) = 𝑓𝑓(𝑡𝑡/𝑇𝑇) 

(Hint: You may use the expansion in (c) and calculate the response for all frequency 
components. The function 𝑓𝑓 �𝑡𝑡

𝑇𝑇
�  has an amplitude of 1 and period of 1.)  



(Hint: 𝑥𝑥(𝑡𝑡) = 1
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− 𝜔𝜔𝑗𝑗) sin𝜔𝜔𝑗𝑗𝑡𝑡 )𝑗𝑗=1 ,𝜔𝜔𝑗𝑗 = 4𝜋𝜋𝜋𝜋 − 2𝜋𝜋.)  

 
2. (10 points each) Fourier sine expansion 

Fourier sine expansion is a variational form of the Fourier expansion for functions f defined 
within the range 0 ≤ 𝑥𝑥 ≤ 𝐿𝐿 and satisfies 𝑓𝑓(𝑥𝑥 = 0) = 𝑓𝑓(𝑥𝑥 = 𝐿𝐿) = 0. Such function can be 
expanded as 𝑓𝑓(𝑥𝑥) = ∑ sin 𝑛𝑛

𝐿𝐿
𝑛𝑛𝑥𝑥𝑛𝑛=1  with orthorgonality ∫ sin 𝑛𝑛

𝐿𝐿
𝑛𝑛𝑥𝑥 sin 𝑛𝑛

𝐿𝐿
𝑚𝑚𝑥𝑥 𝑑𝑑𝑥𝑥𝐿𝐿

0 = 𝐿𝐿
2
𝛿𝛿𝑚𝑚𝑛𝑛. 

 
A string of length L, fixed at both ends between x=0 and x=L, is displaced a small distance d at 
the point L/4 and released at t=0.  
(a) Find the amplitudes of the first three excited normal modes in terms of the initial 

displacement d.  
(b) Sketch the first three terms with relative amplitudes.   

(Hint: useful integrals: ∫ 𝑑𝑑𝑥𝑥 sin𝑎𝑎𝑥𝑥 = − 1
𝑎𝑎

cos𝑎𝑎𝑥𝑥 , ∫ 𝑑𝑑𝑥𝑥 𝑥𝑥 sin𝑎𝑎𝑥𝑥 = 1
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cos𝑎𝑎𝑥𝑥.) 

 
 

3. (8 points each) You are designing a two-string instrument with metal strings 35.0 cm long. Both 
strings are under the same tension. String S1 has a mass of 8.00 g and produces the note middle 
C (frequency 262 Hz) in its fundamental mode.  
(a) What should be the tension T in the string?  

(Hint: wave equation for the string is 𝜌𝜌𝜕𝜕𝑡𝑡2𝜓𝜓 = 𝑇𝑇𝜕𝜕𝑥𝑥2𝜓𝜓) 
(b) What should be the mass of string S2 so that it will produce A-sharp (frequency 466 Hz) as 

its fundamental?  
(c) To extend the range of your instrument, you include a fret located just under the strings but 

not normally touching them. How far from the upper end should you put this fret so that 
when you press S1 tightly against it, this string will produce C-sharp (frequency 277 Hz) in its 
fundamental? That is, what is x in the figure?  

(d) If you press S2 against the fret, what frequency of sound will it produce in its fundamental? 
 

 



 
4. (Bonus credit: 8 points) Speech recognition  

Here we do a simple experiment and see if you can identify the sounds by looking at its wave 
pattern or spectrum. Four sounds produced at 125 Hz are recorded by the app: Sound 

Oscilloscope . 
The four sounds are beee (as in bee), mooo (as in morning), laaa (as in large) and luuu (as in 
loose). Identify them. If this works, theoretically one can recognize 125 syllables in 1 sec. 
 
(Hint:  You can try to produce the same sound and imitate my accent.) 

     A     B 

      

C     D 

                


