1.

a.

PHYS 143 — Problem Set 2

Instructor: Cheng Chin

To find the eigenvalues and eigenvectors, we need to solve the following

A =B\ "
B A

To get a non-trivial solution, we would want

A-)\X -B 9 9
— det =(A-=XN*+B*=0
B A— )

A=A+iB

c
To find the eigenvectors, we solve the equation (M — AI)vy = 0 assuming vy = ( i) .
dy

A~ (A+iB) B er) (0 5
B A—a=i)) \d)] \o

Solving these equations will give us

So we have,

. Similarly for the second part, we are given

~1 1 -1
1 0 1 |7=x (5)
~1 1 -1

Solving for the eigenvalues first i.e. det(M — AI) = 0, we need to solve the equation

2A—222-X=0
(6)
A=0,-1+3



Next, we want to solve for the eigenvectors corresponding to each of these eigenvalues
Let us start with A\g =0
-1 1 -1

1 0 1 |9=0= =] 0
-1 1 -1

1
Similarly for the other two eigenvectors, we get
+/3 1 -1 1
1 1+v3 1 [7=0= d:=[1£3 (8)
~1 1 +3 1

To get the equilibrium position, we need to minimize the potential first. We want

oV

87_2$_y_6_0

a—V:2y—:c:O 9)
Jy

:>a;0:4,y0:2

Now using the hint, we introduce coordinates u = x—xp =x—4andv=y—yp =y —2

In these coordinates, the potential is

Viu,v) = (u+4)>+@w+2)2 = (u+4)(v+2) —6(u+4) (10)
u? + 0% —uw — 12

Now we can write the equation of motion as
ma& =—-VV

o) -Cn)-ne

So we have a pair of coupled differential equations. Let us pick the ansatz T = 'y,

so the equation will become an eigenvalue problem

Mzy = ma’z)

-2 1 ug) ma? 0 (n
1 =2/ \w 0 ma?) \v (12)



Diagonalizing the matrix gives us

ma” =-3, —1
(13)
a==+iV3 £
where we use the fact that m = 1. So we have then for a = +i,
7= A + Be
. _ (14)
= (C'cost + Dsint
And similarly for A\ = £iv/3. So the eigenfrequencies are w = 1, /3.
. Minimizing the potential V(z,y) = em2+92*my, we get the equations
0,V =02x—y)V=0
0V =Q2y—x)V=0 (15)

—r=0,y=0

Now the equation of motion will be

(o) -Co) (520
7 = = =V (16)
y” -0,V -1 2 Y

We can expand the potential around the minima (z,y) = (0,0). Taylor series expansion

for a multivariable function around a point (z,yg) takes the form
V(z,y) = V(zo.y) + Vi(z0, y) (& — w0) + V;' (x0) (x — w0)? + - -
= V(x0,90) + Va(x0,y0)(z — 20) + V, (0, %0) (¥ — Y0) + Vi (0, Y0)(z — x0)(y — yo)
+ %Vél(ﬂco, yo)(z — z0)* + %Vél(ﬂfoayo)(y —y)’ 4
(17)
where V] = 0V /0x and so on. Using this, we get
V(z,y) =1~ (a® +y* - zy) (18)
Substituting this into the equation of motion, we see that we have at leading order
gt ¥ Lt L G 1
y” -0,V -1 2 Y
This is exactly the same as the last part now and we know the eigenfrequencies

w=1, 3.

An intuitive way to see why the eigen frequencies is the same is to note that the
potential eV is the locally the same as V near (z,y) = (0,0) and so the physics will be

the same near that point.



2.

a. The equation in matrix form can be written as

R [ Gy T R R

N 3 -2
So#A =4l and M = .
-2 3

To

b. Let us assume that ¥ = e A where A = ( ) . That will give us

Yo

a?+4a+3 -2 o 0
= (21)
-2 o> +4a+3] \yo 0

We see that to get a non-trivial solution, we would want the determinant of the matrix

to be zero. That gives us
o®+4a+3 -2
det =0
-2 a’+4a+3
(@® +4a+3)*—4=0
a=-241i —2+3
The real solutions lead to overdamped modes and the imaginary parts lead to under-

damped modes- there is still some oscillatory piece left. It turns out that the general

solution then takes the form
z(t) = e % ((61 coswt + casinwt) A\ + (636@ + 646_\/§t> /\_) (23)

where we can see that we have an oscillatory piece corresponding and a decaying piece

(overdamped mode).
c. Now we can write the equation again in matrix form. The equations are

2’ + 'yla:' + w%az =€y
(24)
Y vy +wiy = ex

This in matrix form is

R A 1 Y [ R I
y" 0 7/ \w 0 w3/ \wo 0



Assuming ¥ = e %y, we get

o + ayp + w? —€ T\ _ 0 (26)
—€ a? + ays + wi Y 0

where ~; = 27;. Now to get a non-trivial solution, we would want the determinant of

the matrix to be zero. That can then give us the values for a. We get

(@®+am +wi)(@® +ayp+wl) - =0

1

27
a=—3 <(w1+w2)i\/(w1—w2)2i4e> 27

Now we see that as long as (w1 —w2)? < 4¢, we will always have both real and imaginary
solutions for a because of the |/ term. The case where the frequencies are real i.e.

when w; = wy is a special case of this.
3.

a. Let us set the origin to be the point where the springs hang from i.e. the top wall
and let the distance from the origin be denoted by X;. Now to write the equation of
motion for the two masses we note that we have two different kinds of forces acting-
one is the gravitational pull downwards and the other is the force from the spring.
The equation of motion for the two masses would be

mX{': —k‘X1+mg—k(X1 —XQ) = —k(QXl—XQ)—I—mg ( )
28
mXy§ = —k(Xy — X1) + mg = k(X2 — X1) + mg
At equilibrium, the forces will balance each other out and the masses will not move.

Let us denote the equilibrium positions by X?, then the equations will be

—k(2X1 - XD +mg=0 = mg = k(2X) — XI)

(29)
— k(X3 - X{)+mg=0 = mg = k(X3 - X7})
Solving these equations, we get
X0 = —22‘9
(30)
XO _ 3mg
2Tk
Let us denote the deviation from the equilibrium position by z;, so then we have
1 =X — XY
(31)
Tro = XQ — Xg



Now we can re-express the equations of motion ([28]) above in terms of z; by writing
X, =z, + XZO and then use . We then get
2mg mg

mal = —k(x1 + T) +mg — k(r1 — 22 + 7) = —k(2x1 — x2) (32)

maly = —k(zo — 1)

we see that the gravitational pull does not explicitly show up in the equations.

. Now to solve the equations above, let us assume again & = e*z. So the equation in

matrix form can be written as be

R I
Yo -1 1

We can then solve for the eigenvalues and eigenvectors now. For the eigen values, we

get

(0% +2w§)(a® + wf) —wy =0

2 2<3ivﬁ> (34)
ol = —wp 5

with eigenvectors

So the general solution will have the form
Z(t) = Xy (Aq coswyt + Bysinwyt) + A_ (Agcosw_t + Bysinw_t) (36)
where wi = % (V5 £ 1).

. Next, we impose the initial conditions. We are given that z1(0) = 0 and z2(0) = D.

In other words, we have

Loy (O A [(—14VEY Ay [(-1-VE) [0
x(O)—($2(O))—2( ) )+2< ) )—(D) (37)

Solving these two equations

1 1
5(—1+J5)Al+§(—1—\/5)142:0
A +Ay =D (38)
1 1
:>A1:1—0(5+\/5)D, A2:E<5—\@>D



Imposing the second condition 2 (0) = z5(0) = 0 gives B; = By = 0. So we will finally

have

x(t) = %(5 +v/5) (1 - \/5) coswyt+ 22(5 —V5) (1 a \/5) cosw_t  (39)
2 0 2

4.

e The equation of motion for the three molecules can be directly read by looking at how
the forces are acting. An alternate way is to consider the total energy and derive the

force equation from there. So, we have

1 1
Uz, 22,23) = §k($3 - 932)2 + §k(932 - 551)2 (40)
And so
oU
Fy =ma] = ~on = —k(z1 — x2)
Fy = m:L"Q' = —8—(] = —k(mz —x3) — k(m — 1) (41)
6952
oU
F3=maf = e —k(z3 — x2)

In matrix form, this would be (we again write Z(t) = e %)

T 1 -1 0 71
ooy | =—w’| =8 28 B[z (42)
:1’)3 0 —]. 1 ZE3

Solving for the eigenvalues and eigenvectors, we get

a4 = tiwg, ag =0, ai =dwy20+1 (43)

with corresponding eigenvectors

-1 1 1
Ar=10 |, =[1],2=]-28 (44)
1 1 1

c. The mode corresponding to A\g is just pure translation.

A= o a=Cuen A= (126,00
7 y & . )
@D < e Jlazg
—o @ o e — ® > e — o5 &0 @



