





















































































Lecture 1 3 Harmonic oscillator Cheng Chin

This class concerns motionof particlesnear equilibrium

Consider oneparticle with mass m in a potential Vex

restoringforce Equilbrium Xo

IN FIX Xo Vex 1 0

mirna
to

Exo o

WemayTaylorexpand
thepotential Xo

x Vexo Exo X Xo EVEXOICX X.tt ÉvÉxo x XP
0

If particle is near the minima X Xo we ignore x Xo

VIX Vixo Iv cXo x Xo is agoodapproximation

Math notation

velocity v 44 Exit Exit

off

ct Ict
Wct Oct



Wemay
set theorigin Xo x VCO V40 x

Eq ofmotion F ma

mx t F Vix mx it Vco Voix

Mx Voix This is equivalent to Hooke's low F Kx
and K V40 positive curvature

MX KX 0 ensures restoring force and stable ef

If we add a dampingforce F βu β 0 is damping coefficient

we have mx type mx tpx Kx o

restoring damping
force force

If we add an external driving force fit mx Kx βx't fit
we have mx tpx Kx fit This is theefn wewillbe solving

See videosfor solving ODE ordinarydifferentialegn

AY x BY x CYX 0 homogeneous ODE

fix inhomogeneous ODE

Important remark on linear homogeneousdiffeqn
If y ex Yax one solutions

Then Ay x By ex is also a solution



Simpleharmonicoscillator no damping no exforce

mx KX 0

Ansatz for ODE eat this α eat α eat

maft keY o a α iFm iw

e'wt and e
int

we bothsolutions

generalsolution is Aeiw ftp.e iwt

2ndAnsatz coat or sinxt
α sinat coat

a'coat simat

ma me k sett o

α W

generalsolution C as wt D sin wt

3rd ansate t A coolα t
which is equivalent to Acosat Bsinat

We can see they are equivalent since etiwt aswttis.net

Show that C ATB D IA iB

We can determine the integration constants A B C D fromthe
initial position o and velocity V10



general solution no damping no ext force
a

Nest
I 1 period T

freq f angularfreq w If
We can also rewrite the eq ofmotion and solution as

it wilt O

A Act Beet
or A's wt B'sin wt
or Acoscutt



Damped harmonic oscillator

OX WEX o WE If
Ansatz x eat Exett feat

Left α wo o 22 92 05 0

IL YI g Ae't Beat

Case 1 2 real roots 7 200 Strong damping

ER and α 0 define Y 01 0

it AE't Beat damping no oscillation

This is an overdamped oscillator

Case 2 7 200 weak damping 2 complexroots

α iJw 044
w̅

A Betta e int

e Aei Béitt
or e

t
casw̅t Dsinw̅t

or e
t
E ascott

This is an underdampedoscillator



decaying amp Aco e
0th

it

freq 14 44
go

Wo l

Case 3 7 2Wo critical damping

double root We are missing
anothersol

Aé Bt

action

crones zero one doesnt
a

t



Driven oscillator cont driving
X Wix fits foot w extdriving tref

wo oscillatorfreq
First consider fit feint
Use ansatz Aent in went Awe

AWeftiawdeift w.ae t feft
AC w iWY Wi f
A w.at w

feint
Wo W iYW

Thus ox't Wix feint we takethe realpart
Rex VCRex wiCReX fast So the solutionofthe

originalegg is just Rex Rew.EE wf
We can write wi wtiyw re.it

tan

Rex free jéicrt
Y

Jews you
court Xp

Ex'ty tan Y X
This is the particular solution

I XH O
generalsolution is mH Xp Xp fit

homogeneous TEcial Xp XH ft
solution solution



Summary X Wix fast

solution X XH Xp B Ceαt Icscwt
When 8 0 XHdamps out solution particularsolutionXp

Example Startingdriving at 1 0 withforce fasart

A homogeneous particularsolution coscwtsolution
stationary
it 01 0 NmtUCt ol 0

Particular
ReA

solution www ow
resonance w Jw p

amplitude max t two

f
Fullwidthhalf maximum
7WHM BY

do

Qualityfactor Q won Ampenhancement D

Resfreq 7WHM 00
57 2 5


