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With an increasing demand for the advantages that quantum science brings to computation, com-
munication, and more, the demand for the ability to transfer quantum information between media
also rises. In this paper, we expand the available constraint formulas describing theoretical quantum
transduction to include N-Stage Mode Transduction. We will discuss quantum transduction with its
current theorized and hypothesized benefits and challenges, the mathematical models currently used
to understand it, and the 0-Stage Bosonic Mode Transduction case. The formalism for quantum
transduction used in this paper is applicable to many linear conversions between microwave, optical,
or a combination of these two systems. Assuming intermediate modes are lossless, resonance across
all modes, and the optimal reflectionless condition, we present an equation for the external loss rates
of the end modes.

I. INTRODUCTION

A. Motivations and Background

There is still much room for theoretical advancement
in quantum information science that will aid the effective
implementation of quantum devices and systems. Quan-
tum transduction presents a method for a transfer of in-
formation that is crucial to effectively harness the full
benefits of quantum information systems.

The conversion between microwave and optical fre-
quencies has been a large area of interest in developing
quantum transduction. Successful transduction would
combine the long-range communication abilities of opti-
cal fibers [1] with computation abilities of superconduct-
ing processors [2] [3]. In this section, we present a brief
overview of the derivation for the quantum transduction
formalism used in this paper.

1. Continuous-Variable Quantum Systems

In quantum information science, there are two types
of quantum states, discrete-variable and continuous-
variable, that each represent a type of quantum infor-
mation. Discrete-variable quantum information science
is used, for example, in quantum computing, where the
qubit has two distinguishable states as a complete ba-
sis. Continuous-variable quantum systems operate in an
infinite-dimensional Hilbert Space described by observ-
ables with continuous eigenspectra. More simply put,
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they are needed to describe variables with continuous
measurable quantities, such as position or momentum.
Importantly, these systems can describe the propagat-
ing electromagnetic field and other bosonic systems. Us-
ing this theory allows us to understand much about the
physical modeling of quantum computation devices and
their inner workings. In this paper, we consider an inter-
mediary bosonic system capable of transferring quantum
information from one system to another.
The primary tools for analyzing continuous-variable

quantum information processing are Gaussian states
and transformations. Gaussian states are quantum
continuous-variable states that can be represented in
terms of Gaussian functions, and Gaussian transforma-
tions take Gaussian states to Gaussian states. [4]

2. Bosonic Systems

All physical information in an N-mode bosonic sys-
tem is contained within its quantum state, represented
by its corresponding density matrix, ρ̂. Every system
can be characterized by its Hamiltonian, Ĥ, which acts
on a quantum state and describes how the state evolves
over time. The Hamiltonian operator is itself comprised
of operators that each are correlated with an observable
(something about the state that can be measured) in the
system. All operators will be denoted with the hat sym-

bol (e.g. Ĥ, m̂j , â, b̂).

3. Quantum Transduction

Classical transduction is the process by which differ-
ent classical signals can be translated from one physical
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medium to another. For example, a classical transducer
converts sound waves to electrical signals in a radio sys-
tem that can then be more easily transmitted across long
distances. Similarly, there advantages in converting types
of quantum information across different quantum carry-
ing media. As the demand for more robust quantum
systems and usage of quantum information grows, quan-
tum transducers will become essential in realizing quan-
tum networks. For example, this technology acts as the
crucial medium by which information from local quan-
tum processors is converted into forms suited for long-
range quantum communication. Much work has been
done to establish the theoretical framework for faithful
microwave to optical quantum transduction (see [5] and
[6]).

4. Transducers as Bosonic Systems

Our transducers can be thought of as multi-stage
chains of bosonic modes with two end modes coupled
externally. The interaction is quantified for each mode,
m̂j , through coupling constants, gj . For N -stage quan-
tum transduction, we can represent the system with the
Hamiltonian shown below in Eq. 1.

Ĥ = −
N+2∑
i=1

ℏ∆im̂
†
i +

N+2∑
i=1

ℏgi(m̂†
i+1m̂i + m̂†

i m̂i+1) (1)

The first portion of the sum represents the evolution
of each individual mode, and the second portion of the
sum describes the interaction between each of the modes
[3].

II. METHODS

Our goal is to derive generalized equations describing
N -stage quantum transduction to further understanding
of the dissipation rate conditions for maximum efficiency
transduction. This is important for understanding and
working towards the physical implementation of quantum
transducers.

A. Scattering Matrix

We can understand how quantum information is trans-
formed as it travels through a transducer through the
Scattering Matrix Formalism. For this paper, we will
be considering a bidirectional transducer, where informa-
tion flows from the first mode to the second mode and
vice versa. This is known as Duplex Quantum Transduc-
tion. We will be following the calculation conventions
and methods used in [7].

Thus, we have the 2N by 2N scattering matrix, S,
which is a Gaussian unitary transformation describing

N -stage transduction. Below in Eq. (3) is a scattering
matrix representing 0-stage transduction, i.e. transduc-
tion with no intermediary modes.

For simplicity, we consider the case in which the modes
are on resonance and the information loss rates across the
two modes are equal (i.e. detunings of modes â and b̂ are
∆a = ∆b = 0 and information loss rates κe,a = κe,b = κe

and κi,a = κi,b = κi).

(
âout
b̂out

)
= S

(
âin
b̂in

)
(2)

Above in Eq. 2 is the input-output formalism repre-

sented in terms of the scattering matrix where âout, b̂out
and âin, b̂in are the respective output and input operators

for modes â and b̂.

S =

(
S11 S12

S21 S22

)
(3)

Where

S11 =

(
4g2−κ2

e+κ2
i

4g2+(κe+κi)2
4igκe

4g2+(κe+κi)2

4igκe

4g2+(κe+κi)2
4g2−κ2

e+κ2
i

4g2+(κe+κi)2

)
(4)

S12 =

(
4g2−κ2

e+κ2
i

4g2+(κe+κi)2
4igκe

4g2+(κe+κi)2

4igκe

4g2+(κe+κi)2
4g2−κ2

e+κ2
i

4g2+(κe+κi)2

)
(5)

S21 =

(
4g2−κ2

e+κ2
i

4g2+(κe+κi)2
4igκe

4g2+(κe+κi)2

4igκe

4g2+(κe+κi)2
4g2−κ2

e+κ2
i

4g2+(κe+κi)2

)
(6)

S22 =

(
4g2−κ2

e+κ2
i

4g2+(κe+κi)2
4igκe

4g2+(κe+κi)2

4igκe

4g2+(κe+κi)2
4g2−κ2

e+κ2
i

4g2+(κe+κi)2

)
(7)

and

1. Sij describes the interactions between modes
i and j,

2. g is the coupling constant between the two modes,

3. κe is the external loss rate in both modes,

4. κi is the internal loss rate in both modes.

Figure 1 represents a visualization of 0-stage trans-

duction with modes â and b̂.
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FIG. 1. Visualization of 0-stage transduction [3].

1. Solving for Reflectionless Conditions using the
Scattering Matrix

Using the scattering matrix, we can solve for the re-
flection and transmission coefficients, which represent
the proportion of information respectively reflected and
transmitted at each mode. The formula for the coeffi-
cients is given below in Eq. 8 and Eq. 9 [7].

Ri = |Sii|2 (8)

Tij = |Sij |2 (9)

Sij =

(
Re{Sij} Im{Sij}
Im{Sij} Re{Sij}

)
= |Sij |R(θij). (10)

Solving for the maximum transmission coefficient re-
quires a reflectionless condition, that is R1 = R2 = 0.
Using equations 4-7, 8-9, we attain conditions for the
loss rates as seen in Eq. 11 below.

∆1 =
κe − κi

κe + κi
∆2 (11)

∆2 =

√
(κe + κi)(4g2 − κ2

e + κ2
i )

4(κe + κi)
(12)

While the scattering matrix formalism is helpful for ex-
plicitly solving any transmission or reflection coefficient,
the notation becomes overwhelming as we look at multi-
ple stage transduction. For example, the initial calcula-
tions for bireflectionless N = 1 transduction are shown
in Appendix A. There is another more efficient method
to find loss rates for the bireflectionless condition.

B. Generalized Matching Condition

Using the system Hamiltonian, Wang et al. (2022) [3]
derives an explicit expression representing the efficiency,
η, of a transducer (Eq. 13). This quantity describes
the proportion of information transmitted from the in-
put signal to the output signal. In 0-stage transduction,
the efficiency is equivalent to the transmission coefficient
between the two modes T12 = T21. In perfect quantum
transduction, we achieve unity efficiency η = 1, where
no information is lost. This efficiency is dependent on
the signal frequency ω. We will assume the work in a
rotating frame such that ω = 0 for simplicity.

η[ω] ≡
∣∣∣SNb̂†out,exâ

†
in,ex

∣∣∣ (13)

η[ω] ≡

∣∣∣∣∣ b̂
†
out,ex

â†in,ex

∣∣∣∣∣
2

=

∣∣∣∣∣ â
†
out,ex

b̂†in,ex

∣∣∣∣∣
2

(14)

The input-output formalism that gives rise to the sys-
tem Hamiltonian and mode operator equations results in
Eq. 14. A more detailed breakdown of the derivation of
the efficiency equation can be found in reference [3] and
its supplemental material.
The N-Stage Conversion Efficiency is as follows in Eq.

15. Figure 2 shows a visualization of N -stage transduc-

tion with external modes â, b̂, and intermediate modes
m̂2, ..., m̂N+1.

ηN (ω) =

∣∣∣∣∣∣
√
κa,exκb,ex

∏N+1
j=1 gj∏N+2

j=1 χ−1
j,eff

∣∣∣∣∣∣
2

(15)

FIG. 2. Visualization of N-stage transduction [3].

The susceptibility of a mode, as defined in Eq. 16
below, quantifies the amount of information transferred
between two modes in terms of the dissipation rate, de-
tuning, and coupling constant.

χj =
1

i(ω +∆j) + κj/2
(16)

The effective mode susceptibility, χj,eff, is defined in
Eq. 17 below. It incorporates the susceptibilities from
the mode j and all the couplings following it to the right,
gj , gj+1, · · · , gb. Note that the transduction process is
reciprocal, with identical conversion efficiency from either
end to the other.

χ−1
j,eff ≡ χ−1

j +
g2j

χ−1
j+1 +

g2
j+1

···+ ...

g2
N

χ
−1
N+1

+
g2
N+1

χ
−1
N+2

(17)

Wang et al. (2022) find conditions for maximum in-
ternal and external efficiency. We focus on overall ef-
ficiency, considering only the case where all modes are
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on resonance and there is no internal dissipation (i.e.
κ2 = κ3 = ... = κN+1 = 0). We use their equation for
overall external efficiency (Eq. 18) to derive the results
in the next portion of the paper.

(χ−1
a,ex)

∗ = g21χ2,eff +
κa,i

2
(18)

III. RESULTS

N Odd κ2
a,ex =

∏N+1
2

i=1 g22i−1κb∏N+1
2

j=1 g22j

+ κa,i

2

κ2
b,ex =

∏N+1
2

i=1 g22i−1κa∏N+1
2

j=1 g22j

+ κb,i

2

N Even κ2
a,ex =

4
∏N

2
+1

i=1 g22i−1∏N
2
j=1 g

2
2jκb

+ κa,i

2

κ2
b,ex =

4
∏N

2
+1

i=1 g22i−1∏N
2
j=1 g

2
2jκa

+ κb,i

2

TABLE I. Reflectionless Condition for N-Stage Transduction with Lossless Intermediate Modes and Resonance

N-Mode κ2
a,ex κ2

b,ex

N = 1
(

g21κb

g22
+ κa,i

)2 (
g21κa

g22
+ κb,i

)2

N = 2
(

4g21g
2
3

g22κb
+ κa,i

)2 (
4g21g

2
3

g22κa
+ κb,i

)2

N = 3
(

g21g
2
3κb

g22g
2
4

+ κa,i

)2 (
g21g

2
3κa

g22g
2
4

+ κb,i

)2

N = 4
(

4g21g
2
3g

2
5

g22g
2
4κb

+ κa,i

)2 (
4g21g

2
3g

2
5

g22g
2
4κa

+ κb,i

)2

N = 5
(

g21g
2
3g

2
5κb

g22g
2
4g

2
6

+ κa,i

)2 (
g21g

2
3g

2
5κa

g22g
2
4g

2
6

+ κb,i

)2

N = 6
(

4g21g
2
3g

2
5g

2
7

g22g
2
4g

2
6κb

+ κa,i

)2 (
4g21g

2
3g

2
5g

2
7

g22g
2
4g

2
6κa

+ κb,i

)2

N = 7
(

g21g
2
3g

2
5g

2
7κb

g22g
2
4g

2
6g

2
8

+ κa,i

)2 (
g21g

2
3g

2
5g

2
7κa

g22g
2
4g

2
6g

2
8

+ κb,i

)2

TABLE II. Example of explicit calculations of κa,ex and κb,ex

using Eq. 18.

Given no intrinsic loss and resonant modes, the gen-
eral condition for bireflectionless N -stage transduction
is given in Table I. Using Eq. 18, we achieve the con-
ditional equations for the external loss rates of the end
modes, shown above in Table II. Note that the total loss
rate of each mode is given by the sums κa = κa,ex + κa,i

and κb = κb,ex + κb,i.

IV. DISCUSSION AND FURTHER RESEARCH

Although having zero intrinsic loss and resonant modes
greatly simplifies the equations, it is an ideal scenario. In
reality, there may be some detuning and dissipation be-
tween internal modes. We are looking to expand our
results to include conditions for the nonresonant case
and cases where intrinsic loss is non-zero. One impor-
tant question to consider is whether it is possible to even
achieve maximum efficiency with internal loss. Although
the scattering matrix formalism becomes cumbersome

in multi-stage transduction, it is necessary and precise
when calculating exact transmission and reflection rates
between any two modes.
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Appendix A: Single Stage Transduction

S =

S11 S12 S13

S21 S22 S23

S31 S32 S33

 (A1)

In order to calculate the loss rates satisfying the bire-
flectionless condition, we need to set R1 = |S11|2 = R2 =
|S22|2 = R3 = |S33|2 = 0. Thus, we calculate the matrix
elements shown in Figures 3 and 4.
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