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Geometry	or	topology?

Geometrical	order	:	appears	for	systems	with	a	given	symmetry

Example:	rotaGon	invariance
ClassificaGon	of	the	energy	states	according	to	their	angular	momentum

L = 0

L = 1
……

non	robust:		
The	order	is	broken		

by	a	small	perturba5on

Topological	order:	defined	by	classes	of	objects	that	are	robust	under	a	deformaGon

Robust	by	essence
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A	historical	example

Von KlitzingInteger	Quantum	Hall	effect

Ix Ix
Vy B

Plateaus	corresponding	to	a	quanGficaGon	
of	the	Hall	resisGvity	ρxy

Robust:	Plateaus	are	sGll	present	(at	the	same	value)	in	the	presence	of	disorder

Obvious	metrological	interest

⇢xy (k⌦)
<latexit sha1_base64="SLNXhdTcYBt/CpfMbVJTP0OfLqw="></latexit><latexit sha1_base64="SLNXhdTcYBt/CpfMbVJTP0OfLqw="></latexit><latexit sha1_base64="SLNXhdTcYBt/CpfMbVJTP0OfLqw="></latexit><latexit sha1_base64="m0rEvW/dVEf400mFTIj3SnIHO60="></latexit>

Magnetic field (T)
<latexit sha1_base64="vbygzvHLaaUKqJNJNEnfeX2UkVk="></latexit><latexit sha1_base64="vbygzvHLaaUKqJNJNEnfeX2UkVk="></latexit><latexit sha1_base64="vbygzvHLaaUKqJNJNEnfeX2UkVk="></latexit><latexit sha1_base64="ITnkOlre53YScuK3lEZ658vYZRo="></latexit>
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Goal	of	these	lectures

IntroducGon	to	topological	states	of	ma+er	
with	illustraGon	from	atom	or	photon	gases	

• No	interacGon	between	parGcles

Simple	systems:

• One	or	two	dimensions

• Periodic	systems

Op5cal	la:ces,	regular	arrangements	of	wave	guides

A B A B A B A B
J 0 J J 0 J J 0 J J 0 A

B

Crucial	role	of	edge	states	and	topological	numbers

Ozawa, Price, Amo, et al.,Topological Photonics, arXiv :1802.04173  
Cooper, Dalibard, Spielman, Topological Bands for Ultracold Atoms,  arXiv:1803.00249



1.	

Berry	phase	in	quantum	mechanics



AdiabaGc	evoluGon	in	Quantum	Physics

Berry 1984
Pancharatnam (1956)  
Mead & Truhlar (1979)

Quantum	system	(atom,	molecule,	macroscopic	body)		
depending	on	an	external	parameter			λ	=	(λ1	,	λ2	,…)

EvoluGon	described	by	the	Hamiltonian Ĥ�
<latexit sha1_base64="1tjixaJfsRShfZbvt29cDmJZXYM="></latexit><latexit sha1_base64="1tjixaJfsRShfZbvt29cDmJZXYM="></latexit><latexit sha1_base64="1tjixaJfsRShfZbvt29cDmJZXYM="></latexit><latexit sha1_base64="TC66JCN4q9FZYqDCflWxBmcqx3o="></latexit>

i~d| (t)i
dt

= Ĥ�(t) | (t)i
<latexit sha1_base64="qQhvTynsywx46/JkobMCs1P8XTo="></latexit><latexit sha1_base64="qQhvTynsywx46/JkobMCs1P8XTo="></latexit><latexit sha1_base64="qQhvTynsywx46/JkobMCs1P8XTo="></latexit><latexit sha1_base64="wxuZQKkY4dbgJkY78suiiDkAqfs="></latexit>

What	happens	when	λ	varies	slowly	in	Gme	
and	follows	a	closed	trajectory?

�1

�2

C

�1
<latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="tqF05EHucp3EQTTq2+ikX1YBS6o="></latexit>

�2
<latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="bm7AOa0dADH/3hBIYjHJ3GKJKHM="></latexit>

System	prepared	in	an	energy	eigenstate,	e.g.	its	ground	state

� = �dyn + �geom
<latexit sha1_base64="ri31i80dd1LmEa5Yvb9x8Dolfm0="></latexit><latexit sha1_base64="ri31i80dd1LmEa5Yvb9x8Dolfm0="></latexit><latexit sha1_base64="ri31i80dd1LmEa5Yvb9x8Dolfm0="></latexit><latexit sha1_base64="hZhYHg6JH2SrWk5kj7h8dtyLCfs="></latexit>

�dyn /
Z

E(t) dt
<latexit sha1_base64="dJenAD4dYYdaMr/RdJN12qk/HtQ="></latexit><latexit sha1_base64="dJenAD4dYYdaMr/RdJN12qk/HtQ="></latexit><latexit sha1_base64="dJenAD4dYYdaMr/RdJN12qk/HtQ="></latexit><latexit sha1_base64="kGAt0NboVIUSw62+aG1P4B8rcVY="></latexit>

usual	dynamical	phase

�geom =?
<latexit sha1_base64="rciJsqfp5cQBGJEmbXVry+FN54M="></latexit><latexit sha1_base64="rciJsqfp5cQBGJEmbXVry+FN54M="></latexit><latexit sha1_base64="rciJsqfp5cQBGJEmbXVry+FN54M="></latexit><latexit sha1_base64="lMDBD1vyiz3tCMOdUFh6fggSgP8="></latexit>

| (T )i ⇡ ei� | (0)i
<latexit sha1_base64="4cPQf9UMiwVkTvFLFZI1uk/+qr8="></latexit><latexit sha1_base64="4cPQf9UMiwVkTvFLFZI1uk/+qr8="></latexit><latexit sha1_base64="4cPQf9UMiwVkTvFLFZI1uk/+qr8="></latexit><latexit sha1_base64="MfD/c7YR5PkX9rqykSVAYoFwuGQ="></latexit>
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Geometrical	phase	and	Berry	connecGon

At	each	Gme	t,	we	introduce	a	basis	set		
of	the	Hamiltonian	 Ĥ�

<latexit sha1_base64="d8cgb78A5XbAl63M8xypbk60hlU="></latexit><latexit sha1_base64="d8cgb78A5XbAl63M8xypbk60hlU="></latexit><latexit sha1_base64="d8cgb78A5XbAl63M8xypbk60hlU="></latexit><latexit sha1_base64="W730T/cvIGDZnf8Z3OelLSpv0EQ="></latexit>

| (n)
� i

<latexit sha1_base64="rmmeRLYRSEPls7dyL4zLqWyrcHc="></latexit><latexit sha1_base64="rmmeRLYRSEPls7dyL4zLqWyrcHc="></latexit><latexit sha1_base64="rmmeRLYRSEPls7dyL4zLqWyrcHc="></latexit><latexit sha1_base64="EaMhdiW+JmkMzWTha1T0eRWCixo="></latexit>

t

E

E(0)

E(1)
E(2)

Berry	connecGon

A(n)
� = i h (n)

� |r (n)
� i

<latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="BnPk/4HKOzOa2oVsqk3JYbfAimg="></latexit>

Then	:	 �geom =

Z �(t)

�(0)
A(0)

� · d�
<latexit sha1_base64="nUJGc2PzdUZvn1HbRKZHmWBk5ZI="></latexit><latexit sha1_base64="nUJGc2PzdUZvn1HbRKZHmWBk5ZI="></latexit><latexit sha1_base64="nUJGc2PzdUZvn1HbRKZHmWBk5ZI="></latexit><latexit sha1_base64="31rK2QnXAbqAmxDHAMOkdS/Pwlk="></latexit>

Depends	on	the	path	followed	from	λ(0)	to	λ(t),		
but	not	on	the	Gme	spent	on	this	path.

real	since																			is	purely	imaginary	or	zeroh |r i
<latexit sha1_base64="QvpPmD4lermRvtsYQvYkAe8MEMc="></latexit><latexit sha1_base64="QvpPmD4lermRvtsYQvYkAe8MEMc="></latexit><latexit sha1_base64="QvpPmD4lermRvtsYQvYkAe8MEMc="></latexit><latexit sha1_base64="FiArlz5ZJSVoTRAMNfJELyQ4MNg="></latexit>

|r i =

0

B@

d
d�1

| i
d

d�2
| i
...

1

CA

<latexit sha1_base64="qviTKxSzIqinvpbbXP0ZnM7lCYs="></latexit><latexit sha1_base64="qviTKxSzIqinvpbbXP0ZnM7lCYs="></latexit><latexit sha1_base64="qviTKxSzIqinvpbbXP0ZnM7lCYs="></latexit><latexit sha1_base64="Uek3PJ3Sui9H6kPVe6fXB64RM5Q="></latexit>



For	a	closed	path:

�1

�2

C

λ:	parameter	in	1,	2	or	3	dimensions

�geom =

I

C
A(0)

� · d�
<latexit sha1_base64="BzXIgc+RxVg3vQINbfe6hjt/Qmg="></latexit><latexit sha1_base64="BzXIgc+RxVg3vQINbfe6hjt/Qmg="></latexit><latexit sha1_base64="BzXIgc+RxVg3vQINbfe6hjt/Qmg="></latexit><latexit sha1_base64="uQFg4+3h/1jwY5OqYoscfLIQ1lQ="></latexit>

C
<latexit sha1_base64="RTUP939tblheO5jQJVBl+doS77s="></latexit><latexit sha1_base64="RTUP939tblheO5jQJVBl+doS77s="></latexit><latexit sha1_base64="RTUP939tblheO5jQJVBl+doS77s="></latexit><latexit sha1_base64="NzDE4tpf+SaLe2Jmje9OB+ZhOsE="></latexit>

Analogy	with	magnetosta9cs:	

A�  ! A(r)
<latexit sha1_base64="GfdQi5fvbAAXpQNKti5Q4RirqN4="></latexit><latexit sha1_base64="GfdQi5fvbAAXpQNKti5Q4RirqN4="></latexit><latexit sha1_base64="GfdQi5fvbAAXpQNKti5Q4RirqN4="></latexit><latexit sha1_base64="YPLME4NxmDQq19aRaVCTKM+cCmU="></latexit>

potenGel	vecteur

⌦�  ! B(r)
<latexit sha1_base64="5ma0pinbQEXN4R1n95wpAZK178Q="></latexit><latexit sha1_base64="5ma0pinbQEXN4R1n95wpAZK178Q="></latexit><latexit sha1_base64="5ma0pinbQEXN4R1n95wpAZK178Q="></latexit><latexit sha1_base64="MP+N4KiDFSRFSFuvhbySNA/kK04="></latexit>

Berry	connecGon

Berry	curvature magneGc	field

⌦(n)
� = r⇥A(n)

�
<latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="tC9ONH68lI/YHHHzvf4KtlJgHZw="></latexit>

= i hr (n)
� | ⇥ |r (n)

� i
<latexit sha1_base64="uClxQETHwrO712VuhT1jjW38Msk="></latexit><latexit sha1_base64="uClxQETHwrO712VuhT1jjW38Msk="></latexit><latexit sha1_base64="uClxQETHwrO712VuhT1jjW38Msk="></latexit><latexit sha1_base64="I0TwVpoaJ6fE57Or/F0xorjwXUw="></latexit>

Use	of	Stokes	formula:

�geom =

ZZ

⌃
n ·⌦(n)

� d2�
<latexit sha1_base64="w3t0alvsGZHj7q+sMfFmiRE3soo="></latexit><latexit sha1_base64="w3t0alvsGZHj7q+sMfFmiRE3soo="></latexit><latexit sha1_base64="w3t0alvsGZHj7q+sMfFmiRE3soo="></latexit><latexit sha1_base64="mxjaL5IdM4wBe4TRau/qyc/T9MA="></latexit>

Does	not	seem	very	interes5ng	in	1D:	mere	round	trip?

Berry curvature
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Foucault	pendulum

Wikipedia

t = 0 t = 6 hours

In	24	hours,	the	external	parameter	
—	the	hanging	point	of	the	pendulum	—	
makes	a	closed	loop

Correspond	to	a	rotaGon	of	the	oscillatory	plane	
for	a	linear	oscillaGon

The	two	eigenmodes	for	circular	oscillaGon	
(clockwise	and	counterclockwise	rotaGon)	
accumulate	different	phases



 10

Berry	curvature	and	gauge	invariance

Gauge	change	in	Quantum	Mechanics

| (n)
� i �! | ̃(n)

� i = ei�
(n)
� | (n)

� i
<latexit sha1_base64="q1747nydB+NZWjO9miA3xn6WVIs="></latexit><latexit sha1_base64="q1747nydB+NZWjO9miA3xn6WVIs="></latexit><latexit sha1_base64="q1747nydB+NZWjO9miA3xn6WVIs="></latexit><latexit sha1_base64="pH+STWpxL5rlypwqTIARRAWHPwI="></latexit>

Berry	connexion																																											is	not	invariant	in	a	gauge	change:A(n)
� = i h (n)

� |r (n)
� i

<latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="BnPk/4HKOzOa2oVsqk3JYbfAimg="></latexit>

A(n)
� �! Ã(n)

� = A(n)
� �r�(n)

�
<latexit sha1_base64="rLaK8uOd2h+tB9HuUwbzB/Wc+QY="></latexit><latexit sha1_base64="rLaK8uOd2h+tB9HuUwbzB/Wc+QY="></latexit><latexit sha1_base64="rLaK8uOd2h+tB9HuUwbzB/Wc+QY="></latexit><latexit sha1_base64="pcGobd9pS7x0y+AjlwXW8vNPSbo="></latexit>

cf.	magnetostaGcs

Berry	courbature																																				is	invariant:⌦(n)
� = r⇥A(n)

�
<latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="tC9ONH68lI/YHHHzvf4KtlJgHZw="></latexit>

⌦(n)
� �! ⌦̃

(n)
� = ⌦(n)

�
<latexit sha1_base64="ivtwl7M5EeA+lGrDVQG+zZbzD5M="></latexit><latexit sha1_base64="ivtwl7M5EeA+lGrDVQG+zZbzD5M="></latexit><latexit sha1_base64="ivtwl7M5EeA+lGrDVQG+zZbzD5M="></latexit><latexit sha1_base64="ceYGhaH6vaqck6yNOX2XtAkLLmg="></latexit>

ei�̃geom = ei�geom
<latexit sha1_base64="5Nw7qOZ0PWK70779Y7sYS+Q09OE="></latexit><latexit sha1_base64="5Nw7qOZ0PWK70779Y7sYS+Q09OE="></latexit><latexit sha1_base64="5Nw7qOZ0PWK70779Y7sYS+Q09OE="></latexit><latexit sha1_base64="HWMKdUkyApf0eZsCJD25yHNSj38="></latexit>

also	true	for	the	geometrical	phase

⌦(n)
<latexit sha1_base64="HLSOLHLlBDDG60rNnSGXT3SGunQ="></latexit><latexit sha1_base64="HLSOLHLlBDDG60rNnSGXT3SGunQ="></latexit><latexit sha1_base64="HLSOLHLlBDDG60rNnSGXT3SGunQ="></latexit><latexit sha1_base64="OYQCOZnuHVmZ8q/g+14JBjSAnj8="></latexit>

is	a	quan5ty	that	can	be	measured



Two-level	system

Hilbert	space	with	dimension	2	:	 | i = ↵|+i + �|�i =
✓
↵
�

◆

<latexit sha1_base64="S+CDD8Y2MRe9dGWUnF11XCsxXy8="></latexit><latexit sha1_base64="S+CDD8Y2MRe9dGWUnF11XCsxXy8="></latexit><latexit sha1_base64="S+CDD8Y2MRe9dGWUnF11XCsxXy8="></latexit><latexit sha1_base64="S4CUbRTBPgvgMqjF/HsxyE4LtbE="></latexit>

General	Hamiltonian	:	2x2	HermiGan	matrix

Ĥ = E0 1̂ � h · �̂
<latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="VlSzgTZrb5B6EVzC+H8ihp929CI="></latexit>

E0, (hx, hy, hz)
<latexit sha1_base64="2hC2ddIiDycpsSWxFP+P6zgmvFs="></latexit><latexit sha1_base64="2hC2ddIiDycpsSWxFP+P6zgmvFs="></latexit><latexit sha1_base64="2hC2ddIiDycpsSWxFP+P6zgmvFs="></latexit><latexit sha1_base64="ya2uUkUxFjyTd4xjwQ86HkGHkus="></latexit>

:	real	numbers
:	Pauli	matrices�̂j

<latexit sha1_base64="9QTWSNs5AqH9p399Jk6SdAH1foE="></latexit><latexit sha1_base64="9QTWSNs5AqH9p399Jk6SdAH1foE="></latexit><latexit sha1_base64="9QTWSNs5AqH9p399Jk6SdAH1foE="></latexit><latexit sha1_base64="9fDMIQ6pW8ce72dRne4H9BuuQgM="></latexit>

�̂x =

✓
0 1
1 0

◆
, �̂y =

✓
0 �i
i 0

◆
, �̂z =

✓
1 0
0 �1

◆
.

<latexit sha1_base64="8Vw+GQ/vLCZDn0MykY55pUHrXjc="></latexit><latexit sha1_base64="8Vw+GQ/vLCZDn0MykY55pUHrXjc="></latexit><latexit sha1_base64="8Vw+GQ/vLCZDn0MykY55pUHrXjc="></latexit><latexit sha1_base64="viJA+Ev1lFe1063qVDd6oclulQI="></latexit>

|↵|2 + |�|2 = 1
<latexit sha1_base64="xCsgMDu5tin1DIUr9qv1f52NWhQ="></latexit><latexit sha1_base64="xCsgMDu5tin1DIUr9qv1f52NWhQ="></latexit><latexit sha1_base64="xCsgMDu5tin1DIUr9qv1f52NWhQ="></latexit><latexit sha1_base64="STH9iIXVRWoKmTEbuoBw+bSI3uM="></latexit>

Ĥ = E0 1̂ � |h|
✓

cos ✓ e�i� sin ✓
ei� sin ✓ � cos ✓

◆

<latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="V+9Uemm5bFv8m4Nasm21/4WcQH8="></latexit>

x

z
✓

<latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="tfdpQqccQOH95iovsf+dcworYr4="></latexit>

�
<latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="fW+jp5Nudzg0kWqK8dsF3rv521Y="></latexit>

y

n
<latexit sha1_base64="G4jAkzva/fMQfceaSC9QLjSskv8="></latexit><latexit sha1_base64="G4jAkzva/fMQfceaSC9QLjSskv8="></latexit><latexit sha1_base64="G4jAkzva/fMQfceaSC9QLjSskv8="></latexit><latexit sha1_base64="oR3I4HVckGtrxBSPkRDlxwCB/ko="></latexit>

:	Unit	vector	with	poinGng	in	the	direcGon	n =
h

|h|
<latexit sha1_base64="iFyoRRIXhZLxVf2KTFpRE9EI/Mk="></latexit><latexit sha1_base64="iFyoRRIXhZLxVf2KTFpRE9EI/Mk="></latexit><latexit sha1_base64="iFyoRRIXhZLxVf2KTFpRE9EI/Mk="></latexit><latexit sha1_base64="0T7un5d0xh3C6WNMo+XqoFbspUU="></latexit>

n =

0

@
cos� sin ✓
sin� sin ✓

cos ✓

1

A

<latexit sha1_base64="rGORENVoPHpL+hPMTgjlg62vRso="></latexit><latexit sha1_base64="rGORENVoPHpL+hPMTgjlg62vRso="></latexit><latexit sha1_base64="rGORENVoPHpL+hPMTgjlg62vRso="></latexit><latexit sha1_base64="AyoLv6XrX7LTm9Nu/TmM/KpoSZg="></latexit>

(✓,�)
<latexit sha1_base64="Mvex4TYcM5Z1mbHUsV9Xp8kWdAc="></latexit><latexit sha1_base64="Mvex4TYcM5Z1mbHUsV9Xp8kWdAc="></latexit><latexit sha1_base64="Mvex4TYcM5Z1mbHUsV9Xp8kWdAc="></latexit><latexit sha1_base64="nW7bAET8BNSB2gWNBdcz9+bclE8="></latexit>
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Bloch	sphere	and	adiabaGc	following

Ĥ = E0 1̂ � |h|
✓

cos ✓ e�i� sin ✓
ei� sin ✓ � cos ✓

◆

<latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="V+9Uemm5bFv8m4Nasm21/4WcQH8="></latexit>

Energies: E(±) = E0 ± |h|
<latexit sha1_base64="35YiS+p0oGYjQDYuDtLC8au/bHQ="></latexit><latexit sha1_base64="35YiS+p0oGYjQDYuDtLC8au/bHQ="></latexit><latexit sha1_base64="35YiS+p0oGYjQDYuDtLC8au/bHQ="></latexit><latexit sha1_base64="nx9IzutmrVcYWSxUEqjMEFgHd1k="></latexit>

✓,�Eigenstates:

| (�)i =
✓

cos(✓/2)
ei� sin(✓/2)

◆

<latexit sha1_base64="Lq8yfcr8VV1VlkjGl24PpfoMYkw="></latexit><latexit sha1_base64="Lq8yfcr8VV1VlkjGl24PpfoMYkw="></latexit><latexit sha1_base64="Lq8yfcr8VV1VlkjGl24PpfoMYkw="></latexit><latexit sha1_base64="ELCeev+2vroQ/NwLCZuURQW1TEg="></latexit>

| (+)i =
✓

sin(✓/2)
�ei� cos(✓/2)

◆

<latexit sha1_base64="kRcDPSgCf7iXWNZVQykIkag88d4="></latexit><latexit sha1_base64="kRcDPSgCf7iXWNZVQykIkag88d4="></latexit><latexit sha1_base64="kRcDPSgCf7iXWNZVQykIkag88d4="></latexit><latexit sha1_base64="tChr2FE7lGoICwFM7/EMPs0ansc="></latexit>

✓
1
0

◆

<latexit sha1_base64="KwHaZ59xffqZzNmj7VcW3WnAY/I="></latexit><latexit sha1_base64="KwHaZ59xffqZzNmj7VcW3WnAY/I="></latexit><latexit sha1_base64="KwHaZ59xffqZzNmj7VcW3WnAY/I="></latexit><latexit sha1_base64="zNmsSM9wozPBepc4KmNi5llRBF4="></latexit>

✓
0
1

◆

<latexit sha1_base64="GXLk8/gVz7z84dCxF6N4mmADdVw="></latexit><latexit sha1_base64="GXLk8/gVz7z84dCxF6N4mmADdVw="></latexit><latexit sha1_base64="GXLk8/gVz7z84dCxF6N4mmADdVw="></latexit><latexit sha1_base64="X288h2KkkEdD86qFYjyftT+79ck="></latexit>

C
<latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="Kb6rT8hOAHNsko8dFbU9keLl85A="></latexit>

�geom.(C) = ±↵

2
<latexit sha1_base64="/2v2JJO/o3/kGaWwUDo8vHVJfbk="></latexit><latexit sha1_base64="/2v2JJO/o3/kGaWwUDo8vHVJfbk="></latexit><latexit sha1_base64="/2v2JJO/o3/kGaWwUDo8vHVJfbk="></latexit><latexit sha1_base64="u8YnhdfyGvRbb0MQg8CH8pukAmk="></latexit>

If	the	trajectory	is	along	the	equator:

↵ = 2⇡
<latexit sha1_base64="HPLkbN6cEaR/ecCotutojpfJnBc="></latexit><latexit sha1_base64="HPLkbN6cEaR/ecCotutojpfJnBc="></latexit><latexit sha1_base64="HPLkbN6cEaR/ecCotutojpfJnBc="></latexit><latexit sha1_base64="q1Kla6yLWRijuK3LWcO6q23S9D4="></latexit>

�geom.(C) = ±⇡
<latexit sha1_base64="gCNBJ/js5v/3tt0UDW5T0lGCHcs="></latexit><latexit sha1_base64="gCNBJ/js5v/3tt0UDW5T0lGCHcs="></latexit><latexit sha1_base64="gCNBJ/js5v/3tt0UDW5T0lGCHcs="></latexit><latexit sha1_base64="JZ1CMFSLhcx5WL/a60L88adr9/8="></latexit>

If						varies	slowly	in	Gme	and	travels	on	a	closed	contour					:				h
<latexit sha1_base64="m4ASV+t51JqMrzCkAGK6NMDZF8M="></latexit><latexit sha1_base64="m4ASV+t51JqMrzCkAGK6NMDZF8M="></latexit><latexit sha1_base64="m4ASV+t51JqMrzCkAGK6NMDZF8M="></latexit><latexit sha1_base64="SrjYvHsIOvTFkWN4cHdBlAmvQ8Q="></latexit>

C
<latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="Kb6rT8hOAHNsko8dFbU9keLl85A="></latexit>
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2.	

Periodic	potenGal,	Zak	phase	and	SSH	model

Su, Schrieffer & Heeger  
Solitons in Polyacetylene  

Phys. Rev. Lett. 42, 1698 (1979)
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Bloch	theorem

x

V (x)
a

Ĥ =
p̂
2

2m
+ V (x̂)

<latexit sha1_base64="IrgiWNwaONi3HBLlFMCFK7VLYiM="></latexit><latexit sha1_base64="IrgiWNwaONi3HBLlFMCFK7VLYiM="></latexit><latexit sha1_base64="IrgiWNwaONi3HBLlFMCFK7VLYiM="></latexit><latexit sha1_base64="VpQFt0ytCWg7Gbx44g4qWh/275E="></latexit>

One	can	look	for	the	energy	eigenstates	in	terms	of	Bloch	funcGons

 q(x) = eiqx uq(x)
<latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="TvzuBMXW0TJEkQ8VXjySqDI6dqw="></latexit>

Plane	wave	with		
momentum	q

Periodic	funcGon
uq(x+ a) = uq(x)

<latexit sha1_base64="ezmgRttj7F1Es1ymF2sDxyTtIwU="></latexit><latexit sha1_base64="ezmgRttj7F1Es1ymF2sDxyTtIwU="></latexit><latexit sha1_base64="ezmgRttj7F1Es1ymF2sDxyTtIwU="></latexit><latexit sha1_base64="nOnLfYKVHihQN9mjDuUc7Dl0dew="></latexit>

p̂ = �i~ @x
<latexit sha1_base64="NnNjIb+kHmhKD0wofUczYTz6WKE="></latexit><latexit sha1_base64="NnNjIb+kHmhKD0wofUczYTz6WKE="></latexit><latexit sha1_base64="NnNjIb+kHmhKD0wofUczYTz6WKE="></latexit><latexit sha1_base64="f3E77VO8U7xSd1+kz2cGXniF8uU="></latexit>

Ĥq uq(x) = Eq uq(x)
<latexit sha1_base64="5ZA5NblrXNEKu5WWH/NGGcI7hY4="></latexit><latexit sha1_base64="5ZA5NblrXNEKu5WWH/NGGcI7hY4="></latexit><latexit sha1_base64="5ZA5NblrXNEKu5WWH/NGGcI7hY4="></latexit><latexit sha1_base64="wMcig+9JHSN56hiFYRSLIVRtNDw="></latexit>

For	each	q:	 Ĥq =
~2
2m

(�i@x + q)2 + V (x)
<latexit sha1_base64="RSFKJvDrWX4YbTcRWk7SL0IWTlE="></latexit><latexit sha1_base64="RSFKJvDrWX4YbTcRWk7SL0IWTlE="></latexit><latexit sha1_base64="RSFKJvDrWX4YbTcRWk7SL0IWTlE="></latexit><latexit sha1_base64="ZrHKhdLav0hUfpGJTVpJCmj5Ly8="></latexit>

Example	of	a	Hamiltonian	depending	on	an	external	parameter	(here	q)
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Brillouin	zone

The	momentum	q	can	take	any	value	but	all	values	are	not	all	independent

Consider										and			q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

q +
2⇡

a
<latexit sha1_base64="4epVYaxIzaXop5nsEp16b7ubyag="></latexit><latexit sha1_base64="4epVYaxIzaXop5nsEp16b7ubyag="></latexit><latexit sha1_base64="4epVYaxIzaXop5nsEp16b7ubyag="></latexit><latexit sha1_base64="vefd6xIa1wMSd8r6FizOJorXIsI="></latexit>

= eiqx
⇣
ei2⇡x/a uq+2⇡/a(x)

⌘

<latexit sha1_base64="Hthb9C62Xc+DRagoayLHZKgNFt8="></latexit><latexit sha1_base64="Hthb9C62Xc+DRagoayLHZKgNFt8="></latexit><latexit sha1_base64="Hthb9C62Xc+DRagoayLHZKgNFt8="></latexit><latexit sha1_base64="tOQuej6htX8H2JSDI6F2DCmb088="></latexit>

periodic	funcGon

 q(x) = eiqx uq(x)
<latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="TvzuBMXW0TJEkQ8VXjySqDI6dqw="></latexit>

 q+2⇡/a(x) = ei(q+2⇡/a)x uq+2⇡/a(x)
<latexit sha1_base64="KZiUbSEPMXwIy18gsgn4icYE8e8="></latexit><latexit sha1_base64="KZiUbSEPMXwIy18gsgn4icYE8e8="></latexit><latexit sha1_base64="KZiUbSEPMXwIy18gsgn4icYE8e8="></latexit><latexit sha1_base64="H9EjHUBc+an+t22BNQGqt83872Q="></latexit>

To	avoid	double	counGng,	one	should	reduce	the	domain	of	q	to	a	Brillouin	zone

q
�⇡/a +⇡/a

�⇡/a +⇡/a
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Zak	phase

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

The	one-way	path	from															to															corresponds	to	a	closed	loop		
in	parameter	space.

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

Corresponding	to	Berry’s	phase: �geom =

Z +⇡/a

�⇡/a
i huq|@quqi dq

<latexit sha1_base64="3DYPm/Dgo/dGc8QL2IpHmFnjzMw="></latexit><latexit sha1_base64="3DYPm/Dgo/dGc8QL2IpHmFnjzMw="></latexit><latexit sha1_base64="3DYPm/Dgo/dGc8QL2IpHmFnjzMw="></latexit><latexit sha1_base64="2lEmzZ1ZJvj/LTz+oH9X5jY2GNk="></latexit>

Zak, 1989« we have here, for the first time, the appearance of Berry’s 
phase for a one-dimensional parameter space »

Requires	a	non-zero	imaginary	part	for |uqi
<latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="BWXe/2gDkc2ZZplPiAcgRVpGhWM="></latexit>
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Simplest	topological	systems	in	1D:	Tight-binding	models

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>1 2 30-1 J

<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

Hubbard	model:	all	sites	are	equivalent,	only	nearest	neighbor	couplings

All	states	can	be	taken	real:	no	relevant	geometrical	phase

Unit	cell	with	two	sites

Periodic	funcGon: |uqi = ↵q

0

@
X

j

|Aji

1

A+ �q

0

@
X

j

|Bji

1

A =

✓
↵q

�q

◆

<latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="a9b/iYQwWJyZGlrxBtcLbwKWTnY="></latexit>

Pseudo-spin	1/2	for	each	value	of	the	momentum	q	

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

1 20-1

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit> J 0

<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit> AA A AB BBB

Next:	SSH	model,	all	equivalent	sites	with	two	values	for	NN	couplings	
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Corresponding	Bloch	funcGon: | qi =
X

j

ei jqa (↵q|Aji+ �q|Bji)
<latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit>

The	periodic	Hamiltonian	for	SSH

|uqi = ↵q

0

@
X

j

|Aji

1

A+ �q

0

@
X

j

|Bji

1

A =

✓
↵q

�q

◆

<latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="a9b/iYQwWJyZGlrxBtcLbwKWTnY="></latexit>

SoluGon	of																																			with		Ĥ| qi = Eq | qi
<latexit sha1_base64="rdLoZVAuUVf1CuXSQyqaokK2ZJA="></latexit><latexit sha1_base64="rdLoZVAuUVf1CuXSQyqaokK2ZJA="></latexit><latexit sha1_base64="rdLoZVAuUVf1CuXSQyqaokK2ZJA="></latexit><latexit sha1_base64="aTdxvRzLFjn+L4p/NkK29I1Lrro="></latexit>

Ĥ = �J
0
X

j

|BjihAj |� J

X

j

|Bj�1ihAj | + h.c.

<latexit sha1_base64="RARXaZsvjKvStgXjOWVySGHOBnE="></latexit><latexit sha1_base64="RARXaZsvjKvStgXjOWVySGHOBnE="></latexit><latexit sha1_base64="RARXaZsvjKvStgXjOWVySGHOBnE="></latexit><latexit sha1_base64="HEIMp7eYfxGVA9KlEYKlPHJX11Q="></latexit>

jj - 1

A AA B B BJ J’

For	each	q,	one	obtains	a	2x2	system	for	the	coefficients													:	↵q,�q
<latexit sha1_base64="zSvPr5D3DPNIEMGMnJ2tjy1qNqE="></latexit><latexit sha1_base64="zSvPr5D3DPNIEMGMnJ2tjy1qNqE="></latexit><latexit sha1_base64="zSvPr5D3DPNIEMGMnJ2tjy1qNqE="></latexit><latexit sha1_base64="LuY3z8+ZGmpimAPFpwSGc+16+0I="></latexit>

Ĥq

✓
↵q

�q

◆
= Eq

✓
↵q

�q

◆

<latexit sha1_base64="T5posY2u6hOQn+QrfOE1kZdFuaU="></latexit><latexit sha1_base64="T5posY2u6hOQn+QrfOE1kZdFuaU="></latexit><latexit sha1_base64="T5posY2u6hOQn+QrfOE1kZdFuaU="></latexit><latexit sha1_base64="g4mDwQBp6T5q9dYswsg4gZn9Qyc="></latexit>

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆

<latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="gUXlDYKUm/SFPrzgo8ttW/GjMUY="></latexit>

with
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Energy	spectrum	for	the	SSH	model A AA B B BJ J

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆
= �h(q) · �̂

<latexit sha1_base64="t45/djZvpha0YTMYhdtq/kvZRkY="></latexit><latexit sha1_base64="t45/djZvpha0YTMYhdtq/kvZRkY="></latexit><latexit sha1_base64="t45/djZvpha0YTMYhdtq/kvZRkY="></latexit><latexit sha1_base64="AfKnOcaopQgwqa1j0uEV2HEwxWs="></latexit>

h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
0

1

A

<latexit sha1_base64="vT+PPPVPduD/sl4XIi6AoBWGAZ8="></latexit><latexit sha1_base64="vT+PPPVPduD/sl4XIi6AoBWGAZ8="></latexit><latexit sha1_base64="vT+PPPVPduD/sl4XIi6AoBWGAZ8="></latexit><latexit sha1_base64="pDHj9OlMIARCFIwi29t/YzpK6kU="></latexit>

Energies: E(±)
q = ±|J 0 + J eiqa|

<latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="xoxfG/OvTBI8EqqUxVPl6iggtt0="></latexit>

�1 �0.5 0 0.5 1

�2

0

2

�1 �0.5 0 0.5 1

�2

0

2

Eq/J
<latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="OHgTYX2BcOCAO6842yQTilenPyE="></latexit>

qa/⇡
<latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="l+n6yJnPgFBBwUkr1RbTVTDtZUU="></latexit>

J 0 =
3

2
J

<latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="LNYPl75k2h7mYcaAihy2PIn65Nk="></latexit>

J 0 =
2

3
J

<latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="QVXx6C/Jnxa0DWMnlPp1tMsLE1Y="></latexit>

�1 �0.5 0 0.5 1

�2

0

2

J 0 = J
<latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="PD4JzRT7iAHyG5TECzU2TJVq3Yk="></latexit>

																				:	remains	on	the		
equator	of	the	Bloch	sphere
hz(q) = 0

<latexit sha1_base64="2RvioEkDLAobjBvxpdPKy0SCsWY="></latexit><latexit sha1_base64="2RvioEkDLAobjBvxpdPKy0SCsWY="></latexit><latexit sha1_base64="2RvioEkDLAobjBvxpdPKy0SCsWY="></latexit><latexit sha1_base64="B3gSO5QiW8PbPi97u5COcG394Ns="></latexit>

|u(�)
q i

<latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="D7x0+jUaZeCcsJjjS/08ibyXSdM="></latexit>

Eigenstates
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Eigenstates	and	topology	of	the	SSH	model

A AA B B BJ J’

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆

<latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="gUXlDYKUm/SFPrzgo8ttW/GjMUY="></latexit>

|u(±)
q i = 1p

2

✓
1

⌥ei�q

◆

<latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="flzDMp1mPABG+PRW2Z1GrGLqWck="></latexit>

where	the	phase									is	defined	by	 ei�q =
J 0 + J eiqa

|J 0 + J eiqa|
<latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="K4UhvjEuitJpvSNZpQfDXBnirzI="></latexit>

�q
<latexit sha1_base64="p+rSiwYE+U0wvU2XlAEFuWpvN1k="></latexit><latexit sha1_base64="p+rSiwYE+U0wvU2XlAEFuWpvN1k="></latexit><latexit sha1_base64="p+rSiwYE+U0wvU2XlAEFuWpvN1k="></latexit><latexit sha1_base64="d/79yzEehQyNvRMLQZT6HJAQnAk="></latexit>

hx

hy

J 0

J
qa

|h(q)|

�q

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

hx

hy

J 0

J
qa

|h(q)|

�q

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>
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Berry-Zak	phase

Trajectoire	of															on	Bloch	sphere	when	q	scans	the	Brillouin	zone|u(�)
q i

<latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="D7x0+jUaZeCcsJjjS/08ibyXSdM="></latexit>

hx

hy

J 0

J
qa

|h(q)|

�q

hx

hy

J 0

J
qa

|h(q)|

�q

|u(�)
q i = 1p

2

✓
1

ei�q

◆

<latexit sha1_base64="hg2ozoJRkuUb0ZaEdfDJhTcFTi4="></latexit><latexit sha1_base64="hg2ozoJRkuUb0ZaEdfDJhTcFTi4="></latexit><latexit sha1_base64="hg2ozoJRkuUb0ZaEdfDJhTcFTi4="></latexit><latexit sha1_base64="lwO9/3zKKeJTaejNt/jJATNRfvg="></latexit>

�Zak = ⇡
<latexit sha1_base64="Et5l1hWWOSBP7JqfPgcHHMY5fUQ="></latexit><latexit sha1_base64="Et5l1hWWOSBP7JqfPgcHHMY5fUQ="></latexit><latexit sha1_base64="Et5l1hWWOSBP7JqfPgcHHMY5fUQ="></latexit><latexit sha1_base64="MN66mWrtXgYmjan8K+ir61mpicw="></latexit>

�Zak = 0
<latexit sha1_base64="R4lg07O31+qG1XSg2tMQGDnvEv0="></latexit><latexit sha1_base64="R4lg07O31+qG1XSg2tMQGDnvEv0="></latexit><latexit sha1_base64="R4lg07O31+qG1XSg2tMQGDnvEv0="></latexit><latexit sha1_base64="2H81d/jcqQEXPH6M5qBGv/Rey7g="></latexit>

The	winding	number																														is	a	topological	invariantN = �Zak/⇡
<latexit sha1_base64="b+36kofTMajyd9dr7XUiHQztbgQ="></latexit><latexit sha1_base64="b+36kofTMajyd9dr7XUiHQztbgQ="></latexit><latexit sha1_base64="b+36kofTMajyd9dr7XUiHQztbgQ="></latexit><latexit sha1_base64="PeBnJ2JknA7Dj0FfvR7B0BIg3gI="></latexit>

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>
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Revealing	topology	with	edge	states

One	can	(relaGvely	easily)	show	that	a	localized	state	will	exist	at	any	juncGon	like

Normal	 J < J 0
<latexit sha1_base64="gs3we/k54CBiXCMTXsEPJf7MxH8="></latexit><latexit sha1_base64="gs3we/k54CBiXCMTXsEPJf7MxH8="></latexit><latexit sha1_base64="gs3we/k54CBiXCMTXsEPJf7MxH8="></latexit><latexit sha1_base64="FrOW0GCw+f1p/cp1jbIibTTC7iQ="></latexit>

Topological	 J > J 0
<latexit sha1_base64="c10KMN8BE/CvuABo95dJCaPsTDQ="></latexit><latexit sha1_base64="c10KMN8BE/CvuABo95dJCaPsTDQ="></latexit><latexit sha1_base64="c10KMN8BE/CvuABo95dJCaPsTDQ="></latexit><latexit sha1_base64="eEFqZD71lTuVf6abTOpGyH0lXmI="></latexit>

even	if	the	juncGon	is	sol	(J	and	J’	vary	slowly	in	space)

This	also	applies	to	a	semi-infinite	chain:	

…….A AA B B B
J 0

<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>A AA B B B

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>……. J 0

<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

lel: J = 0 < J 0
<latexit sha1_base64="afaFEd5KogQO6j+uILqyyaqXQlg="></latexit><latexit sha1_base64="afaFEd5KogQO6j+uILqyyaqXQlg="></latexit><latexit sha1_base64="afaFEd5KogQO6j+uILqyyaqXQlg="></latexit><latexit sha1_base64="WqhPKCjZq3UAT2EzD1JWWpqdu9M="></latexit>

normal	chain
right: J < J 0 ou J > J 0

<latexit sha1_base64="ZqjCUgqNYoEkWBPPY9HTjiCCGaA="></latexit><latexit sha1_base64="ZqjCUgqNYoEkWBPPY9HTjiCCGaA="></latexit><latexit sha1_base64="ZqjCUgqNYoEkWBPPY9HTjiCCGaA="></latexit><latexit sha1_base64="ncFYdzgsDPcqa1prXw+j1XBMzXo="></latexit>

normal	or	topological

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>



Semi-infinite		chain

Topological	case

E
<latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="zmqt4zYl8t497YyG9jIEfdcL5Nk="></latexit>

J 0 + J
<latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="E+b952bLrYoG7xbn6dmseHARt8U="></latexit>

J � J 0
<latexit sha1_base64="ergrbsUrGHOG3mJUg5znvCk5TeQ="></latexit><latexit sha1_base64="ergrbsUrGHOG3mJUg5znvCk5TeQ="></latexit><latexit sha1_base64="ergrbsUrGHOG3mJUg5znvCk5TeQ="></latexit><latexit sha1_base64="A452ds2YOBcVBwLrqRf6JIR8U68="></latexit>

�J + J 0
<latexit sha1_base64="PXRs4Nzwgl+CzHvAx4rZAEmcoL4="></latexit><latexit sha1_base64="PXRs4Nzwgl+CzHvAx4rZAEmcoL4="></latexit><latexit sha1_base64="PXRs4Nzwgl+CzHvAx4rZAEmcoL4="></latexit><latexit sha1_base64="k8Kd6dUtXUh5nuNToIK5yiMrtaw="></latexit>

�J � J 0
<latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="f9fVHvlRTPkL/IzphB9qiFklh7U="></latexit>

0
<latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="kpCXKKu5hZjXXBIDTp3PQX575iI="></latexit>

Normal	case

E
<latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="zmqt4zYl8t497YyG9jIEfdcL5Nk="></latexit>

J 0 + J
<latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="E+b952bLrYoG7xbn6dmseHARt8U="></latexit>

�J � J 0
<latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="f9fVHvlRTPkL/IzphB9qiFklh7U="></latexit>

0
<latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="kpCXKKu5hZjXXBIDTp3PQX575iI="></latexit>

J 0 � J
<latexit sha1_base64="KmuVp8ug2g/2jwu4y1rL7CQ9OV4="></latexit><latexit sha1_base64="KmuVp8ug2g/2jwu4y1rL7CQ9OV4="></latexit><latexit sha1_base64="KmuVp8ug2g/2jwu4y1rL7CQ9OV4="></latexit><latexit sha1_base64="hfmq4AOM18WR3wm+7NfXqFkuyZ0="></latexit>

�J 0 + J
<latexit sha1_base64="SLF+UE0M5M1WgU3lZ9YtgQjs940="></latexit><latexit sha1_base64="SLF+UE0M5M1WgU3lZ9YtgQjs940="></latexit><latexit sha1_base64="SLF+UE0M5M1WgU3lZ9YtgQjs940="></latexit><latexit sha1_base64="IHrqK+iUR0gLS/iiZFjrdLVKC14="></latexit>

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>

Edge	state

…….A AA B B B
J 0

<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>
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A	finite	SSH	chain A AA B B B

0 0.5 1 1.5 2

�2

0

2

J 0/J

E
/J

0 0.5 1 1.5 2

�2

0

2

J 0/J

E
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E/J
<latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="O31J6aLEYYTixWxZMIbO5muL9Hk="></latexit>

J 0/J
<latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="Kqzxf7wFwAtimyGcbfurGqQ5GHU="></latexit>

10	cells • We	recover	the	bands	of	the	infinite	chain

• Symmetric	spectrum:	Why?

• In	the	topological	region																		
edge	states	with	a	quasi-zero	energy

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>

2 4 6 8 10 12 14 16 18 20

2 4 6 8 10 12 14 16 18 20

Hint:	Sublamce	symmetry	

P̂AĤP̂A = 0
<latexit sha1_base64="x/n8dyXJQo7sE/NFOmU91fzjPuA="></latexit><latexit sha1_base64="x/n8dyXJQo7sE/NFOmU91fzjPuA="></latexit><latexit sha1_base64="x/n8dyXJQo7sE/NFOmU91fzjPuA="></latexit><latexit sha1_base64="UP6uYRPeL8FH1IUSAUDNblavO0c="></latexit>

P̂BĤP̂B = 0
<latexit sha1_base64="+5zo+mCLjpYrU9EIVwN3GgtL9Cc="></latexit><latexit sha1_base64="+5zo+mCLjpYrU9EIVwN3GgtL9Cc="></latexit><latexit sha1_base64="+5zo+mCLjpYrU9EIVwN3GgtL9Cc="></latexit><latexit sha1_base64="EBVYQ+YVV7DgmLBLtt5LGRH6b5w="></latexit>


